Introduction
Composite materials possess ideal engineering properties and therefore these materials are used in many engineering fields. A three-dimensional ͑3D͒ elasticity solution of laminated composite beams or plates or shells is extremely complex. Pagano ͓1-3͔, Srinivas and Rao ͓4͔, and Srinivas et al. ͓5͔ have given flexure, vibration, and buckling response of simply-supported rectangular plates and laminates by analytically solving the governing boundary value problem ͑BVP͒ defined by 3D partial differential equations ͑PDEs͒. However, these solutions lack generality. Their solutions have been used, over the last three decades, as benchmark solutions by researchers involved in developing general numerical techniques and also by those concerned with the range of applicability of the approximate two-dimensional ͑2D͒ plate/shell and one-dimensional ͑1D͒ beam/arch theories ͓6-23͔. Accurate estimation of interlaminar stresses is a major concern in the design of laminated composites to avoid delamination. In the available approaches ͓24͔, the in-plane stresses are first computed in the first phase of any general laminate analysis. The transverse interlaminar stresses are then estimated by integrating the 3D elasticity equilibrium equations in the second post-processing phase, but serious computational and analytical problems are associated with this second post-processing phase involving accuracy and inconsistency of mathematical model itself.
Taking a cue from the foregoing development, an attempt is made here to extend the strategy of transforming the governing system of PDEs to a system of ODEs for elastostatic problems whose behavior is mathematically formulated as a two-point BVP governed by a set of linear first-order ordinary differential equations ͑ODEs͒
in the domain z 1 Ͻ z Ͻ z 2 . BVP in ODEs, not only describe one-dimensional ͑1D͒ elastostatic problems exactly but also 2D and 3D problems approximately whose behavior is governed by a system of PDEs. Conceptualizing a finite element ͑FE͒ discretization in the lamina plane, a set of implicit first-order ODEs is obtained. The solution vector y͑z͒ of which consists of a set of primary dependent variables ͑stress components and the corresponding displacements on the lamina plane͒ whose number equals the order of the PDE system times the number of discrete FE mesh nodes. Availability of efficient, accurate, and, above all, proven robust ODE numerical integrators for IVPs helps in obtaining the set of primary variables at all nodal points through the thickness. Ingenuity lies here in transforming the BVP into a set of initial value problems ͑IVPs͒ ͓25͔. Furthermore, the secondary set of dependent variables over the entire nodal set is simply computed by substitution of the values of the primary variables on the right hand side of algebraic expressions, node by node. directions are coincident with the geometrical coordinate axis. Under such a condition, the laminate is in a 2D state of plane strain in x-z plane ͑Fig. 1͒.
The 2D differential equations of equilibrium are
where B x and B z are the body forces per unit volume in x and z directions, respectively. The material constitute relations for each layer can be written as
The stiffness coefficients C ij are the elastic constants derived by setting y = ␥ xy = ␥ yz = 0 in the 3D material stiffness matrix and are given in the Appendix. The general linear strain-displacement relations in 2D can be written as, 
This set of dependent variables is called a "primary set," which is naturally defined at a plane z = a constant, and the secondary de- pendent variable x can simply be expressed as a function of the primary set of variables as follows:
It is noted that the primary set of variables ͑u , w , zx , z ͒ is a function of independent coordinates x and z. It is proposed to carry out FE discretization in only the x direction such that the discrete dependent vector y͑z͒ will be a only function of independent coordinate z, and a system of coupled discrete first-order ODEs connecting all FE nodes results. This new formulation is described below, first with reference to a two-noded linear element in the x direction with mixed set of primary variables as nodal degrees of freedom ͑Fig. 2͒. The approximate variation of displacements field over the element domain along the longitudinal axis x can be written as
and from the basic relations of theory of elasticity it can be shown that
where N 1 =1−͑x / l e ͒ and N 1 = x / l e . Substituting Eqs. ͑7͒ and ͑8͒ into Eq. ͑5͒, the domain residuals are obtained as
‫ץ‬ zx ͑x,z͒ ‫ץ‬z
The strong Bubnov-Galerkin weighted residual statements ͓26͔ can then be written with the help of Eq. ͑9͒ as follows:
, which contains a second-order derivative of û , is replaced by its weak form with the help of integration by parts as follows:
On substitution for approximate functions from Eqs. ͑7͒ and ͑8͒, the following eight semi-discrete equations are obtained: 
The elements of matrices A e ͑x͒, B e ͑x , z͒ and vector p e ͑x , z͒ are given in the Appendix. When the total x dimension is discretized with n two-noded elements ͑Fig. 3͒, then the semi-discrete system of equation for the entire domain turns out to be
Multiplication of Eq. ͑16͒ by ͓A͑x͔͒ −1 on both sides results in
where C͑x , z͒ = ͓A͑x͔͒ −1 B͑x , z͒ and f͑x , z͒ = ͓A͑x͔͒ −1 p͑x , z͒. Equation ͑17͒ defines the governing equations of a two-point BVP in ODEs in the domain −͑h /2͒ Ͻ z Ͻ ͑h /2͒. y͑z͒ is an m-dimensional ͑m = number of nodesϫ 4͒ vector of dependent variables, C͑x , z͒ is an m ϫ m coefficient matrix ͑which is a function of element geometry along x and material properties variation both in the x and z directions͒, and f͑x , z͒ is an m-dimensional vector of nonhomogeneous ͑loading͒ terms. Any m / 2 elements of y͑z͒ are prescribed at the two ends, z =−͑h /2͒ and h / 2 as boundary conditions. It is clearly seen that mixed and/or nonhomogeneous boundary conditions are easily admitted in this formulation. The basic approach to the numerical integration of the BVP defined by Eq. ͑17͒ is to transform the given BVP into a set of IVPs-one particular ͑nonhomogeneous͒ and m / 2 complimentary ͑homogeneous͒. Clearly, the reason behind this is the availability of a number of successful and well-tested algorithms for numerical solution of IVPs in ODEs. The solution of the original BVP defined by Eq. ͑17͒ is obtained by forming a linear combination of one nonhomogeneous and m / 2 homogeneous solutions so as to satisfy the boundary conditions at z = h / 2. This gives rise to a system of m / 2 linear algebraic equations, the solution of which determines the unknown m / 2 components of the vector of initial values y͑z͒. Then a final numerical integration of Eq. ͑17͒ with completely known initial vector of dependent variables y͑z͒ produces the desired results. It is intended here to extend the applicability of this procedure, which is documented by Kant and Ramesh ͓25͔.
Numerical Studies
A two-noded linear element with mixed ͑displacements/ stresses͒ degrees of freedom is employed in the present numerical where subscripts L and T refer to the fiber direction and transverse direction perpendicular to fiber direction.
Two support conditions on opposite edges considered here are tabulated in Table 1 . All laminates are subjected to sinusoidal transverse load on their top surface. The intensity of sinusoidal loading can be expressed as
where p 0 represents the peak intensity of load. The dependent quantities are nondimensionalized in the following manner: Table 2 Comparison of normalized transverse displacement "w …, in-plane normal stress " x …, and transverse shear stress " zx … of two-layered "0 deg/ 90 deg… unsymmetric laminates under cylindrical bending and these are presented in parentheses in Table 1 . A convergence study on number of elements along the x direction and number of steps required for numerical integration in thickness direction is performed first. The method was found to yield converged solution for a laminates in-plane strain with 12-16 elements in the x direction and with 16-20 steps in the thickness, z direction. Convergence plot of midplane transverse displacement ͑w ͒ and maximum transverse shear stress ͑ zx ͒ with the number of elements in the x direction are shown graphically for the symmetric ͑0 deg/ 90 deg/ 0 deg͒ laminates in Fig. 4 for a / h ratio of 10.
Group A. The examples considered in this group are selected to establish the accuracy of stress predictions through the thickness by the present method. A two-layer unsymmetric ͑0 deg/ 90 deg͒ and a three-layer symmetric ͑0 deg/ 90 deg/ 0 deg͒ cross-ply square laminates, simply supported on opposite edges in the x direction are considered for this purpose. Boundary conditions are specified in Table 1 . The results obtained through present analysis are compared to the 3D elasticity solution given by Pagano ͓1͔ and also with available results in the literature ͓8,9,13͔ for cylindrical bending. Numerical results for a / h ratios of 4, 10, 20, and 50 are given in Tables 2 and 3 for both configurations. The variation of midplane transverse displacement w ͑a /2,0͒ with different a / h ratios is shown in Fig. 5 . Through thickness variation of normalized in-plane normal stress ͑ x ͒, inplane displacement ͑ū͒, transverse shear stress ͑ xz ͒ and transverse normal stress ͑ z ͒ for a / h ratio of 4 are presented in Figs. 6 and 7 for 0 deg/ 90 deg unsymmetric laminate and 0 deg/ 90 deg/ 0 deg symmetric laminate, respectively. Moreover, through thickness variation of transverse displacement ͑w ͒ is depicted in Fig. 8 . Excellent agreement is seen between the present and the elasticity solution.
Group B. The examples considered under this group are an extension of group A for clamped end conditions to show the ability of the present formulation to handle problems with general boundary conditions and high stress gradients. The lamination schemes, material properties and geometrical details are kept same as group A. Boundary conditions are specified in Table 1 . Numerical results for normal in-plane stress ͑ x ͒ at top and bottom, transverse shear stress ͑ xz ͒, and transverse displacement ͑w ͒ at midplane with different a / h ratios are presented in Table 4 
Concluding Remarks
A novel partial discretization method with mixed degrees of freedom has been proposed in this paper. It ensures the fundamental elasticity relationship between stress, strain, and displacement fields within the elastic continuum and implicitly maintains the continuity of displacements and transverse stresses at the laminate interface. It is first of its kind of a mixed partial FE model that is based on the solution of a two-point BVP through the thickness of laminates. Good agreement of the results with the elasticity solution suggests that the method is extremely accurate. Generality of the method is proven by incorporation of clamped edge conditions at x =0, a. The most significant advantage of the present formulation lies in the fact that both displacement and transverse interlaminar stresses are simultaneously evaluated at the finite element node with the same degree of accuracy through a numerical integration process and thus eliminating the post-processing module that is required in other analytical models for calculation of transverse stresses from in-plane stresses.
The stiffness coefficients C ij 
